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Abstract 

We consider divisorial filtration on the rings of functions on hyper- 
surface singularities associated with Newton diagrams and their ana- 
logues for plane curve singularities. We compute the multi-variable 
Poincare series for the latter ones. 

Introduction 

A multi-index nitration on the ring Ov,o = C<c n ,o/(/) of functions on a hyper- 
surface singularity (V, 0) = {/ = 0} denned by the Newton diagram r = Tj 
of the germ / was considered in [1]. The initial idea was to look for a filtra- 
tion corresponding to a Newton diagram for which the Poincare series could 
be computed and compared with the corresponding monodromy zeta func- 
tion. This was inspired by the coincidence of Poincare series and monodromy 
zeta functions in some cases (e.g. in pQ) and relations between them in some 
other cases (e.g. in [5]). A somewhat natural filtration on the ring Oy,o corre- 
sponding to the Newton diagram r = Tf is the divisorial filtration defined by 
the divisors in a toric resolution of / corresponding to the facets of the dia- 
gram. However, at that moment the divisorial valuation was regarded as being 
complicated to treat. The filtration defined in [I] was regarded as a certain 
"simplification" of the divisorial one. In fact this seems to be not the case. 
It is rather complicated to compute the Poincare series of that filtration and 
moreover the assertion of Theorem 1 of [I] for s > 2 appeared to be wrong. 
Another filtration corresponding to a Newton diagram was considered in [5]. 

Here we discuss an analogue of the divisorial valuation corresponding to a 
Newton diagram, describe its generalization for plane curve singularities, and 
compute the Poincare series of the latter one. 
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For a germ (V, 0) of a complex analytic variety, let tt : (X, T>) — > (V, 0) be 
a resolution of (V, 0) with the exceptional divisor T> = 7r _1 (0) being a normal 
crossing divisor on X. For an irreducible component 8 of D and for g e CV,o, 
let t>£(g) be the order of the zero of the lifting g = g o tt of the germ g to the 
space X of the resolution along £. The function vg : CV,o - > ^>o U {+°°} 
is called a divisorial valuation on Oy.o- One can consider the multi-index 
filtration defined by a collection £x, . . . , £ r of components of the exceptional 
divisor: 



where u = (vi,...,v r ) G Z^ , = (ui(fl-), . . . , v r (g)), Vi(g) = v £i (g), v' = 
(v[, . . . , v' r ) > v if and only if v[ > Vi for % = 1, . . . , r. This filtration is called 
a divisorial one. The notion of the Poincare series of a multi-index filtration 
was introduced in [2] (see also [T]). In [TJ it was explained that the Poincare 
series of a filtration defined by a formula like ([T]) is equal to the integral with 
respect to the Euler characteristic 



over the projectivization FO Vfi of Vfl (t = (h, . . . , t r ), f- = tl 1 ■ ■ ■ t v /). In 
this integral, t°° has to be assumed to be equal to zero. Also in pQ it was 
shown that the Poincare series of the divisorial filtration corresponding to 
all the components of the exceptional divisor of a resolution (uniformization) 
of a plane curve singularity (C, 0) = {/ = 0} C (C 2 ,0) (that is to all the 
components of the curve (C, 0)) coincides with the Alexander polynomial (in 
several variables) of the corresponding link CflS^ C S^, where is the sphere 
of small radius e centred at the origin in C 2 . (The Alexander polynomial 
becomes the monodromy zeta function of the left hand side / of the equation 
of the curve (C, 0) after identification of all the variables.) 

For the definition of a multi-index filtration by the formula ([T]), it is not 
necessary to assume that all the i>j : CV,o ~^ ^>o U {+00} are valuations (i.e. 
that they satisfy the condition Vi(gig 2 ) = i>i(<7i) + Vi(g 2 )). It is sufficient to 
require that all of them are so called order functions. This means that they 
satisfy the condition Vi{g\ + g 2 ) > min {vi(gi), Vi(g2)}, but, in general not the 
condition Vi(gig 2 ) = fj(fi'i) + Vi(g 2 ). We shall use order functions to define the 
nitrations below. 



J(v) = {ge Oy fl : v(g) > v} 



(1) 




(2) 
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1 Divisorial filtration corresponding to a New- 
ton diagram 

Let / G Cc n ,o be a function germ non-degenerate with respect to its Newton 
diagram r = Tf. Let p : (X, D) — > (C n , 0) be a toric resolution of / correspond- 
ing to the Newton diagram T. The facets of V correspond to some components 
(say, Ei, . . . , E r ) of the exceptional divisor D. Let (V, 0) = {/ = 0}, let V be 
the strict transform of the hypersurface singularity V, and let Si := V fl Ei. 

For n > 3 the Si are the irreducible components of the exceptional divisor 
V = D fl V of the resolution p,^ : (V', Z>) — > (V, 0). Thus one can consider the 
divisorial valuations defined by these components and the corresponding 
(multi- index) filtration on Oy,o- For n = 2 the intersections are not, in 
general, irreducible (if the corresponding facets of F have integer points in 
their interiors). Therefore for n = 2 the corresponding definition has to be 
modified. 

Let us first reformulate the definition of the divisorial valuations (for n > 3) 
in terms of the Newton diagram T. Let ji, . . . , j r be the facets of the diagram 
T and let £i(k) = Ci be the reduced equation of the facet ji, i — 1, . . . , r. This 
means that £i(k) = anki + . . . + ai n k n (k = (hi, . . . , k n )), where an, . . . , a in 
are positive integers with greatest common divisor equal to 1. 

For g G Oc^oki" 1 ; • • • , x n% 9(%) = E c fc^ fc = (x u . . . ,x n )), let u^g) := 

k 

min £i(k), and let g^{x) = E c k% k ■ F° r g ^ ®c n ,o/(f) ( or rather for 

^ :c fc^° hii(k)=Ui(g) 

g G Oc",o) let us define Vj(^) by 

Vi(g)= sup Ui(g + hf). (3) 

/leOc^.oI^r 1 '---^" 1 ] 

One can see that, for n = 2, Vi : Cc",o/(/) - > ^>o U {+°°} is n °f; m 
general, a valuation, but only an order function. 

Example. Let f(x,y) = y 3 + y 2 x — x 5 and let 71 be the facet of Tf defined 
by the equation 2k y + k x = 5. Let g\{x,y) = y + x 2 , g2(x,y) = y — x 2 . 
One has vx(gi) = ui(gi) = 2 for i = 1,2, but v 1 (gig 2 ) = u 1 {g 1 g 2 - x' 1 f) = 
u±(— y^x^ 1 ) = 5. 

Remark. One can see that this definition resembles the definition used in [1] 
where similar order functions were defined by equation (j^J) with Ocn^x^ 1 , . . . , x~ l ] 
substituted by Oc",o- 

Proposition 1 For n > 3, i = 1, . . . , r, and g G 0c n .o one has 

Vi(g) = Vi(g) . 
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Proof. The claim follows from the following statements: 

1) Vi(g) > Vi(g); 

2 ) if fvifajn then Vi(g) = Ui(g); 

3) if f 7i \g 7i , then there exists h G 0c»,o[aa , . . . such that Ui(g + hf) > 
Ui{g). 

Indeed, by iterated applications of 2) and 3) one obtains that either Vi(g) = 
oo or there exists h G Oc n fl\x\ , ■ ■ ■ , x~ l ] such that v^g) = Ui(g + hf). There- 
fore Vi(g) = sup Ui(g + hf) > Vi(g) and 1) implies the assertion. 

heOcn^x- 1 ,...^' 1 ] 

Statement 1) follows from the facts that: Ui(g) is the order of vanishing 
of the lifting g o tt of g along Ef, Vi(g) is the order of vanishing of g o tt^ 
along Si C Ei and therefore Vi(g) > Ui(g); Vi(g) = Vi(g + hf) for any h G 

Oc^frrV'-jZ" 1 ]. 

1 1 / 7j /^ 7i , then the intersection = 0} Pi ^ of the strict transform {<? = 0} 
with the component E{ does not contain Therefore the order of vanishing 
of g o 7T|y along £j coincides with the order of vanishing of g o tt along E iy equal 
to Ui(g). This gives 2). 

If g^- = hf-f. (h G Ocnfl[xi , . . . ,x~ 1 }), then (g — hf) 7i contains with non- 
zero coefficients only monomials x k with £i(k) > Ui(k). This gives 3). □ 

As it was mentioned above, for n = 2 the intersections £j = Eif)V may be 
reducible: i.e. consist of several points. In this case there is no divisorial valu- 
ation associated to £j. Let us modify (generalize) the definition of a divisorial 

s 

valuation in the following way. Let S = U be the union of irreducible 

3=1 

components of the exceptional divisor T> of the resolution tt : ( V, T>) — > (V, 0) 
and for g G Oc™, o let 

v £ (g) := min v e<J ){g) . 

] = l,...,s 

The function vs : Ov,o —> Z> U {+00} is not, in general, a valuation (for 
s > 1), but an order function. The number Vg{g) can also be defined as the 
minimum over all arcs 7 on V at points of £ of the order of g along 7. 

One can easily see that this definition gives order functions i>, on Oy,o 
corresponding to the facets of the Newton diagram r = Tf for n = 2 as well 
so that Proposition [1] also holds in this case. 
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2 Plane curve singularities 



Here we consider analogues of the order functions Vi corresponding to the facets 
of the Newton diagram F (for n = 2) for plane curve singularities not associ- 
ated with Newton diagrams (say, for those whose components may have more 
than one Puiseux pair). We compute the Poincare series of the corresponding 
filtration and give its specialization for the filtration defined by a Newton dia- 
gram. It seem to be less involved to carry out computations in this way than 
to produce them directly by considering Newton diagrams. 

Let (C, 0) C (C 2 , 0) be a plane curve singularity with an embedded resolu- 
tion 7T : (X, D) (C 2 , 0) such that 

1) C is the union of irreducible components C — (J CV,-, where % = 1, . . . , r, 
j = 1, . . . ,st (si > 0); 

2) for each i the strict transforms Cn, . . . C iSi of the components Cn, . . . C iSi 
intersect one and the same component E i of the exceptional divisor D; 

3) for ii 7^ i 2 the strict transforms C il j 1 and C i2 j 2 intersect different compo- 
nents of D (one can say that E x , . . . , E r are part of the set {E a : a G S} 
of irreducible components of D). 

For i = 1, ... ,r, j = 1, Si, let ipij : (C, 0) — > (C 2 , 0) be a uniformization 
of the component CV,-. For g G Oc 2 ,o ^ %(fl f ) be the order of vanishing of 
g o ip,ij at the origin. The function Vij(g) : Oc 2 ,o — > ^>o U {+°°} i s a valuation 
on 0c 2 ,o- Let 

Vi(g) := min v^g) . 

] = l,...,Sj 

The function Vi : 0<c 2 ,o — > Z> U {+00} is, in general, not a valuation, but an 
order function (if Sj > 1). 

The order functions Vi, . . . , v r define in the usual way an r-index filtration 
on £> C 2 j0 : 

J(v) = {ge O c2)0 : v(g) > v} , (4) 

where, as usual, v = (vi,...,v r ) G Z> , v(g) = (vi(g), . . . , v r (g)). We shall 
call it the generalized divisorial filtration. 

Let {E a : a G S} be the set of all irreducible components of the exceptional 
divisor D (E D {1, . . . , r}). Each component is isomorphic to the complex 

projective line CP 1 . For a G S, let E a be the "smooth part" of the component 
E a in the exceptional divisor D, that is E a itself minus the intersection points 

o 

with all the other components of D, and let E a be the "smooth part" of 
the component E a in the total transform of the curve C, that is E a itself 
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minus the intersection points with other components of D and also with the 

o • 

strict transform of the curve C. (One has E a — Ea for a ^ {1, . . . , r}; for 

o • 

a — i G {1, . . . , r}, is minus s, points.) 

For a G E, let L a be a smooth arc on the space X of the resolution 
transversal to E a at a smooth point (i.e. at a point of Ea)- Let the (irreducible) 
curve L a = n(L a ) be given by an equation g a = (g CT G 0<c 2 ,o)- The curve L a 
(or sometimes the function g a ) is called a curvette at So-. Let m a s (&, <5 G £) be 
the order of vanishing of g a along the component Eg, that is m a s = ws(g a ). One 
can show that m a g — m Sa and the matrix (m a s) is minus the inverse matrix 
of the intersection matrix (E a o Eg) of the components E a on the manifold X. 
For a G S, let m CT := (m ffl , . . . , m^) G Z> . 

Theorem 1 T/ie Poincare series of the generalized divisorial filtration (T3J) is 
equal to 

r 

p { v i} (t) = ri( i -t^r x{L) ■ n( i • (5) 

crgE j=l 

o • 

Example. Let Sj = 1 for i = 1, . . . , r. In this case x(E a ) = x(E a ) for 

o • 

c ^ {1, . . . ,r} and x(-Ei) = x(Ei) — 1. Therefore one has 



^}00 = II( 1 -^')"* ( ^ ) 

TgS 



This is just the formula from [TJ. 

Let 7r : (X, D) — > (C 2 , 0) be a toric resolution corresponding to the Newton 
diagram r = Tf of a (r-non-degenerate) germ / G Cc 2 ,o- The dual graph of 
the resolution tc is a chain. The extreme vertices of this graph correspond to 
the components of the exceptional divisor intersecting the strict transforms of 
the coordinate lines in C 2 . (Therefore {x = 0} and {y = 0} are curvettes corre- 

sponding to these components.) For these two components one has x(Ea) = 1, 
for all others x(E a ) = 0. Therefore one has 

Corollary 1 The Poincare series of the filtration associated with the Newton 
diagram T and defined by the order function V{ corresponding to the facets of 
T is equal to 

FT (1 — t Sini i) 
p, x (t) = L - L_ (q) 

Remark. A function germ / which is non-degenerate with respect to the 

r 

Newton diagram r = Tf can be represented in the form / = x a y b Y[ fi where 

i=l 



6 



{fi = 0} is the union of the components of {/ = 0} whose strict transforms 
intersect the component E^ of the exceptional divisor of a toric resolution. One 
can see that the number Sj of irreducible factors in a decomposition of fi is 
equal to the integer length of the facet 7, (i.e. to the number of integer points 
in its interior plus one) and the Newton diagram Tj of fi is just the facet 7* of T 
translated to the origin inside the positive octant as far as possible. Moreover, 
the jth component of Sim_ i is equal to min 

Proof of TheoremUl Let J^ 2 = O C 2 /m N+1 be the space of iV-jets of func- 
tions on (C 2 ,0) (m is the maximal ideal of £?c 2 ,o)- One can see that for a 
function g G Oc 2 ,o with w a (g) < N for all a G E, the values w a (g) and also 
Vi(g) are defined by the iV-jet j g of g. (This follows from the fact that, for 
h G m^ 4 " 1 , all w a (h) and Vi{h) are greater than N.) Let J N C J^2 be the 
set of iV-jets g with w a (g) < N for all o G S. The equation ([2]) implies that 

P{v i} (t) = [ f- i9) dX 
Jwj N 

modulo terms of degree > N. Recall that here t°° should be assumed to be 
equal to 0. 

Without loss of generality, we can suppose that, for any function g G 0c 2 ,o 

with w a (g) < iV for all a G £, the strict transform {g = 0} of the zero level 
curve of g intersects the exceptional divisor D only at smooth points, i.e. at 

points of D = Ucr Ea- Such a resolution can be obtained, if necessary, by 
additional blow-ups of intersection points of the components of D. Each such 

blow-up produces an additional component E a with x(E a ) = and therefore 
it does not effect the right hand side of the equation (J3]). 
Let 

y=iifn^)=ii(u^) 

{k a } \ er / a \k=0 J 

be the configuration space of all effective divisors on D = [j E a and let w : 
Y — > Z> be the function which maps the component S ka Ea of Y to 
So-^o-ZZlo-- F° r a function g G Oc 2 ,o with w a (g) < N for all cr G S, let 

1(g) G F be the intersection of the strict transform {g = 0} of {g = 0} with 
D, i.e. the collection of the intersection points with multiplicities. One can 
see that 1(g) only depends on the iV-jet of g, (wi(g), . . . , w r (g)) = w(I(g)) 
and also (v\(g), . . . ,v T (g)) = w(I(g)) if (and only if) for each i = l,...,r, 
the effective divisor 1(g) does not contain all the points pn, . . . ,Pi Si . (If 1(g) 
contains all the points pa, . . . ,Pi Si , then Vi(g) is not determined by 1(g).) 
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For a component E a of D let g aq = g aq (x,y) be an analytic family of 
functions such that {g aq = 0} is a curvette corresponding to the component 

E a and its strict transform passes through the point q G E a - (To construct 

• 

such a family one can take a family of arcs L aq which is analytic in q G E a 
and L CTg is transversal to E a at the point q and to define g aq as an equation of 

the corresponding image in C 2 x E a -) 
If A = B ]J C, then 

oo / oo \ / o 

]J S fc A = M] S fc P x MJ S k C 

k=0 \k=0 J \fe= 

This permits to rewrite 7 as 1" x Y", where 

r=ii(f[s k k), r=n(ii^ 



vfc=0 / i \k=0 



where Pj is the set {p^, • • • , £>is 4 } consisting of Si points. 

o 

For y G Y, y = CjQvj + ELi EjLi where 9<rj are points of E , 

let 

r Si 

crj 1=1 j=l 

where g aqaj is the curvette corresponding to E a through the point q a j. One 
can see that I{g y ) — y. 

For an element g G J N with 1(g) = y, one has 1(g) = I(g y ), i.e. the strict 
transforms of {g = 0} and {g y = 0} intersect the exceptional divisor D at the 
same points with the same multiplicities. This means that the ratio g y o-n j go-n 
of the liftings of g and g y is regular (has no zeros and poles) on D and therefore 
it is constant (say, equal to a) on it. If g ^ g y , let h\ := g y + X(ag — g y ) for 
A G C*. One can see that w a (h\) and Vi(h\) do not depend on A. In this 
way we decompose the space of elements of ¥J N different from all g y into C*- 
families with constant values of y_. Since the Euler characteristic of C* is equal 
to zero, this means that the integral (with respect to the Euler characteristic) 
of t- over the complement of {g y } is equal to zero and therefore (up to terms 
of degree > N) 

P{v i} (t) = Jt^dx. 

For y G Y, Vi(g y ) is finite if and only if y does not contain all the points 
Pi,i, ■ ■ ■ ,Pi, Si - 1^ f° r eacn h y does not contain all the points p iti , . . . ,Pi tSi , one 
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has v(g y ) = w(y). Therefore 



J t M dx = J t- {y,) dx • J t-^dx 



(7) 



Y" 



where F " C Y" is the set of elements ^2 hjVij such that for each % at least 

one of the coefficients £ij is equal to zero. 
One has 



es \fc=o 



Due to the equation 



one has 



J2x(s k z)t k = (i-ty 



k=0 



-X(E<r) 



Y" 



(This is just the computation from pp.) 
For the second factor in (J7|) one has 



r / 



\ 



/ 



/ 



n 

i=i 



t (E _ t (E «y k 



(9) 



i=l 



Since x(E a ) = x(E a ) + «i, the equations (JTJ) , (JHD , and (jUJ) imply (jSJ). 



□ 



Remark. Here, in contrast to [T], we make computations of integrals with 
respect to the Euler characteristic not over P0 C 2 jO , but over a subspace of 
I\7^ since the set of function {g y \y G Y} is not measurable in P0c 2 ,o (i- e - 
its Euler characteristic is not defined). 



9 



References 



[1] A. Campillo, F. Delgado, S. M. Gusein-Zade: The Alexander polynomial 
of a plane curve singularity and integrals with respect to the Euler charac- 
teristic. International Journal of Mathematics 14, no.l, 47-54 (2003). 

[2] A. Campillo, F. Delgado, K. Kiyek: Gorenstein property and symmetry for 
one-dimensional local Cohen-Macaulay rings. Manuscripta Mathematica 
83, no.3-4, 405-423 (1994). 

[3] W. Ebeling, S. M. Gusein-Zade: Poincare series and zeta function of the 
monodromy of a quasihomogeneous singularity. Math. Res. Lett. 9, 509- 
513 (2002). 

[4] W. Ebeling, S. M. Gusein-Zade: Multi-variable Poincare series associated 
with Newton diagrams. Journal of Singularities 1, 60-68 (2010). 

[5] A. Lemahieu: Poincare series of embedded nitrations. arXiv:0906.4184, 

Leibniz Universitat Hannover, Institut fiir Algebraische Geometrie, 
Postfach 6009, D-30060 Hannover, Germany 
E-mail : eb eling@ mat h . uni-hannover . de 

Moscow State University, Faculty of Mechanics and Mathematics, 
Moscow, GSP-1, 119991, Russia 
E-mail: sabir@mccme.ru 



10 



